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In the present note we prove the divergence of some series involving the Smarandache 
function, using an unitary method, and then we prove that the series 

ee ee 

2 S(2)S()....S(n) 
is convergent to a number s € (71/100, 101/100) and we study some applications of this series 
in the Number Theory (third constant of Smarandache) . 

The Smarandache Function S : N* — N is defined [1] such that S(n) is the smallest 
integer k with the property that k! is divisible by n. 


Proposition 1. If (x, ),,, iS a strict increasing sequence of natural numbers, then the 


n2l 


series : 


~ Xnei — Xn 


fl S(Xn) ‘ (1) 


where S is the Smarandache function, is divergent. 
Proof. We consider the function f : [x,, x,.,] > R, defined by f{x) = In In x. It fulfils the 


conditions of the Lagrange's theorem of finite increases. Therefore there is c, € (x,, X,., ) such 
that : 


Ininxpe: — Ininx, = om ee (Xnet — Xn). (2) 
CalnC, 


Because x, <c, <x,.,, we have : 


Xnei — 


Xe < Ininxaer — Ininxa < = al (v)n € N, (3) 
Xoo IN Xne XalN Xa 
if x, = 1. 


We know that for eachn € N*\ {1}, etl < 1, 1¢. 


pore gah (4) 
ninn Inn 
from where it results thar jim so) = 0. Hence there exists k > O such that 


Sin) <k, ie, ninn > Sim) for any n € N*, so 
ninn k 


l k 
XalnXn . S(Xa) (9) 


Introducing (5) in (3) we obtain : 


Xnet — Xn rs , 
net 7 n c , Vv = 6 
InInxae; — Ininx, <k S(xe) (vV)n € N*\{1} (6) 


Summing up after n it results : 


2 crm > (in in Xe - InInx;). 


Because lim xm = 2 we have lim Ininxm = ©, 1.e., the senes : 
m—a mo 


S Xnel — Xn 
2 S(Xn) 


is divergent. The Proposition | 1s proved. 


Proposition 2. Series x Sa where S is the Smarandache function, is divergent. 
re? : 


Proof. We use Proposition | for x, =n. 


Remarks. 1) If x, is the n - th prime number, then the series ae is divergent. 
n 


2) If the sequence (x, ),,, forms an arithmetical progression of natural numbers, then 


the series 2 5 ee 
ei ¢_Jj ; 
3) The senes 2 S(n+ 1)’ 2 S(an+1) etc., are all divergent. 


is divergent. 
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In conclusion, Proposition | offers us an unitary method to prove that the series having 


one of the precedent aspects are divergent. 


Proposition 3. The series : 


1 
2 S(2) - S(3)---S(n)’ 


where S is the Smarandache function, is convergent to a number s € (71/100, 101/100) 


Proof. From 7 definition of the Smarandache function it results S(n) < nl, 


. 


sos are 


V)n €e N*\{1 
(Wyn € N*\(1}, so 7 2 
Summing up, begining with n = 2 we obtain : 
t=] c -] dei gs 
2 S(2)- a ‘S(n) ~ = 2 n! 
S(n) is greater than the product of prime numbers from the 


The product S(2) - S(3) ... 
n}, because S(p) = p, for p = prime number. Therefore : 


set {1, 2, ..., 
iso Bp " 
S@ pi 
where p, is the biggest prime number smaller or equal to n 
There are the inequalities - 
op. eee cote eer (OS ene Ee ee FOES 
ae S(2)S(3)--S(n)  S(2)—« S(DSG) -S(SG)S(4) 
1 ae: 2 4 
*S@SG)S0) a DS ss Das 7 
(8) 


Pr+i ~ De ae 


2 . 
. Pip2-- "Pk 


T2557 etl 


Using the inequality pip2---px > Pis;, (W)k = 5[2], we obtain: 
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(9) 


++ -. 


] 1 ] 2 | ] l 
S<>+ie ett eg 
2 ae is 105 pe D3 pe 
WenoteP=+t+t.... and observe that P < +L, 

Pé 13? 142 152 


It results : 

a (eee ees ae 1) 

eon ae ae 
where 


Estimating with an approximation of an order not more than a we find 


(10) 


< 1,01. 


e 1 
0,71 <2 S(2)S(3)--- S(n) 


rm2 


The Proposition 3 is proved. 
Remark. Giving up at the night increase from the first terms in the inequality (8) we can 


obtain a better nght framing - 
(11) 


1 
x S(2)S(3)--- S(n) 


nel 


< 0,97. 


Proposition 4. Let a be a fixed real number, a > 1. Then the series 
S(2)S(3)-- Sih) is convergent (fourth constant of Smarandache) . 


$ oad 


m2 


Proof. Be (p, ),,, the sequence of prime numbers. We can write : 
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S(2)S(3) Pi P2 


42 4c - 23 
S(2)S(3)S(4) ~ PiP2 < Pipa 


50 5c ips 
S(2)S(G)S(4)S(5) ~ PiP2P3 ~ Pip2ps 


62 6t Pa 
S(2)S(3)S(4)S(5)S(6) ~ PiP2P3 ~ Pip2ps 


Perce meme ewe wwerc creer eres ec cca renee essences eeseneeaseasecesoes 


ee cece) see < Pie 
$(2)S(3)--- S(n) Pip2-- * Pk PiP2--- Px’ 


where p,<n,ié {1,..., kK}, p.,>n. 


Therefore 
ee dE (Px+1 — Pk) - Prot 
2 S(2)S(3)--- S(n) a> ~—pip2 Pett 


Ps i 
<2ei4 ) __ Pet 
ke, PIP2°°° Pko 


Then it exists k, € N such that for any k > k, we have : 


Pip2---Pk > Prey 


Therefore 
n°? Peel 1 
2 3@sG) Sm <7 * £ Pipa pe * 4, Bia 
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too. 


: 1. : Saad 
Because the series > ——— is convergent it results that the given series is convergent 
k2ko Pye 


Consequence 1. It exists n, € N so that for each n > n, we have S(2)S(3) ... S(n) > n*. 


Proof. Because lim 


n? _ : 
o@ S@)SG).- Si) 0, there isn, € N so that 


n@ 


SSG) Sim) <1 for eachn > no. 


Consequence 2. It exists n, € N so that : 
S(2) + S(3) + --- + Sm) > (n- 1)- er for each n > no. 


Proof. We apply the inequality of averages to the numbers S(2), S(3), ..., S(n) : 


S(2) + S(3) + --- + S(n) > (n-1) = fSQ)SG)-- Sim) > (n-1)n*T, Wn2 no. 
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